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The possible existence of a complex metric tensor field is studied. We show that an efi^ective scalar 
field is induced by an overall phase component of the complex metric tensor. The corresponding 
gauge field is shown to be a tachyon. Possible implications of this scalar field to the no hair theorem 
in a spherically symmetric space is also analyzed. We also study its impact on the evolution of the 
early universe. 
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^ . I. INTRODUCTION 

o ■ 

O ■ . . . rn • 

It is known that the metric tensor field associated with a general Riemannian space [y is real by construction. 

^jj^, Recently, the complex extension of the Einstein gravity for the non-commutative gravity |^ has attracted lots of 

^ ' attention. The complex metric may or may not be reahzed by our physical nature. It is, however, interesting by itself 

, to investigate the possible existence of a complex counterpart for the real metric field in curved space [Q. In this 

' paper, we will take a different approach and extract a simple phase factor out of this extended complex metric field. 

\ We will hence study the possible impact of this phase field. 

One can simply generalize the real metric field to a complex metric field by assuming g^,y = g^u+ij^u — g^u exp[i9^^] 

^ ' with both g^y and 7^^, indicating real symmetric tensor fields. The invariant length can be defined solely by the 
modulus, g^i, of the complex metric field g^i/, i.e. ds^ = g^j^^dx^dx^ . In addition, the inverse metric g'^" can be 

04 \ defined as the inverse of the matrix g where (g)^,y = g^,y. In another word, we define g^'' by g'^'^g^a — 6^ with 

• the Kroneker delta. 

, If we define the spin connection as the original Christoffel symbol with g^i, replaced by g^^ , one expects that the 

' effective linearized real Lagrangian density for the complex metric tensor field associated with the Einstein-Hilbert 

[ action — -^/gi? should read 



- 

X 



£ = Jh'^'^a^h^, (1) 



^ ■ when one choose the Einstein gauge Re [S^h^"] = 0. Here we have assumed the expansion g^^ = rj^^ + h^^ against 
. . , the Minckowski background. Note further that one can only perform gauge (coordinate) transformation with four 



parameters in 4-dimensional real space. Therefore, one can only take care of four of the graviton fields when a gauge 
is chosen. In order to treat the complex metric theory similar to the real metric theory, one would have to extend the 
^ real spacetime to a complex spacetime. This is however not our approach. 
5^ In order to work on a real- valued Lagrangian density, one would have to take the real part of the complex Einstein- 

Hilbert Lagrangian as the effective Lagrangian. The real part consists, however, of an original graviton field and 
another ghost field with a negative kinetic energy term according to Eq. (|^). Hence it appears that a straightforward 
generalization of the complex-extension of the graviton field will not bring in much physical impact. 

On the other hand, it is comparably easy to extract information about a real scalar field associated with the common 
phase factor ip of the phase factors by assuming 9^i, — (j) for all /z, u. In another word, we propose to work on a simple 
generalization of the metric tensor by assuming g^^, = g^^, + ij^^, = 5^1, exp[i(/)] for all /x, v. To be more specifically, 
we will assume that = for all fi, v. The resulting effective Lagrangian can be shown to give 



- VIR = -V5exp[z0] [R + -d^<jyd^<j>]. (2) 



One can take the effective Lagrangian as the real part of Eq. by averaging it with its complex conjugate. The 
final result reads 
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£eff = -[-VgR + c.c] = -Vgcos0 [R + -d^cbd''^']- 



(3) 



Note that the effective Lagrangian is invariant under a discrete transformation cf) ^ (f> + 2n7r for aU rt G Z. In 
addition, we will assume that the scalar field is bounded in a cycle around some minimum 0o by, for example, 
If/* ~ 0o| < i'/2- In fact, we need to ensure that the gravitational constant related to coscj) remains finite for all era 
when this effective theory is in charge. One also notes that the coefficient of the inverse of the gravitational constant 
1/G ^ COS0 — > 1 — 0^/2 if is close to zero. The theory in this limit has been the focus of recent activities jsj. 

A more detailed investigation shows that the overall common phase field (f) associated with the complex metric 
field resembles the Weyl's measuring field |^-^. In fact, this (p field behaves similar to the imaginary extension of 
the Weyl's original idea. Therefore, one can introduce the associated gauge transformation by (pg = (p + such 
that = g^i,exp[z0]. There then requires the existence of a gauge field associated with this phase transformation 
such that A^^ = + d^O. One must also replace all derivative in the real action with covariant derivative, namely, 
dfj.gap ^ ^ figap = {dfi — iA^)gaf3. The real Hilbert-Einstein action from Eq. (|^) can then be shown to give an 
effective quadratic interaction term of the following form SA^A^^ /2. This introduces a negative mass-square term for 
the gauge field A^^. Hence the associated gauge field is a tachyon. This indicates that the gauge extension from this 
method does not appear to be helpful unless a tachyon is in need. But the effective theory without gauge extension 
still provides a natural source of the scalar field one is looking for. 

For the fcrmionic part, one would have 

£^ = i[Vg(~*i'7^D^^) + c.c.] = V5{exp[*^0] [-i^prD^^lj + ^d,<pj^]+c.c^ (4) 

by writing = exp[i3(p / 2]^p for any spin 1/2 spinor field ^p. Here Df^^p = (9^ + ^o'''^eJ^D^e^c)V': with denoting 
the vierbein such that e^e^^Ty"'' — g^" [|l|. Here a, b, c denote flat space indices. Moreover, J'^ = iip^^ip is the charged 
current for the fermion field ip. 

One remarks here that by writing ^E" — exp[i30/2]?/;, one simply splits the fermionic field into the product of a 
phase factor and a physical fermionic field. We do this because there is no clear guideline for us to do the separation. 
The only difference will be on the coefficient of the last term in Eq. if we choose, for example, = exp[ifc0]V' 
for k ^ 3/2. In fact the coefficient will be fc + 3/4 instead of 9/4. In addition, the choice k = 3/2 we made make 
the extracted phase factor behave similar to a complex generalization of the Weyl theory. To be more specifically, 
^'a,0 = ^' exp[3(A + i0)/2] under a combined complex Weyl transformation g^^^ = g^;^ exp[(2A + i9)] 0-^. . 

Note further that the last term is a derivative coupling that has been used in the study of tt-N scattering if 
a chiral current is present. This kind of chiral interaction will also be induced when a 7^ coupling is present in 
the fermionic Lagrangian C^. Note that the 7^ matrix is defined to be a pseudo scalar by 7^ = ep,yQ/37''7'^7"7'^/4!. 
Therefore, the complex extension of the 7^ matrix does not contain any phase field {(p) contribution. Hence, one 
can directly add chiral term in above fermionic equations. Note again that he coefficient of the derivative coupling 
term will be different if we choose, for example, VE* = exp[ik(p/2]^p. The similarity shown above indicates that there is 
something important hidden in the complex metric extension of the Einstein theory. 

One can put it in another way by saying that the scalar filed can be recombined to act as a phase component of the 
complex graviton field. Nonetheless, we expect that the resulting scalar field can be an alternative for the physical 
evolution of our early universe. In order to learn more about the impact of this model, we will study a few simple 
models both in a spherically symmetric space and in a homogeneous and isotropic Friedmann-Robertson- Walker 
(FRW) space ^ . 

One knows that many symmetries may not be realized by nature in the low energy regime Hence, we will 

introduce an effective symmetry breaking potential V{<p) to the system. In short, one will be working with the 
following model: 

-Coff = -V5COS 
One can show that the equation of motion becomes 
COS0 Gfj^jy + {g^„D'^ - Dfj^di,) cos0 = 
sm(P[R+^{d(Pf]+ 3D'' {cos (Pdf,(P) - 



[R+ d^cpd''cP]-V. 



(5) 



1 3 

)cos0- -j^g^u[i^{d(l)f cos (p + V] 



(6) 
(7) 
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Here G^^ = g^i/i?/2 — R^i, denotes the Einstein tensor. One can also derive the following equation from eliminating 
the i?-term in the trace of the g^^-equation and the equation. The result is quite similar to the conventional 
constraint equation in the scale invariant theory |^: 

1)20= cos./) + 21/ sin 0]. (8) 
o 

Note that a symmetry breaking potential of the form V — V^(cos <j)) will be introduced in the course of proving the no- 
hair theorem for a spherically symmetric space. Hence we will denote V = dV (cos cj)) / d cos (f) and = dV [cos (f)/ 84) 
respectively from now on throughout the rest of this paper. In addition, we will assume that the scalar field is 
bounded in a cycle around a minimum 0o by, for example, |0 — 0o| < 7r/2. This is to ensure that the gravitational 
constant related to cos0 remains finite for all era when this effective theory is in charge. Following Ref. ||], we 
will assume a class of symmetry breaking potential as scaling potential if the potential V satisfies the inequality 
(cos0 — cos 0o)[^' cos 0—21/] > for some constant 0oi for all 0. One can show that the no-hair theorem holds for 
this scalar field under the effect of this sort of scaling potential. Indeed, the proof is quite similar to the proof shown 
in Ref. . The spherically symmetric metric is given by ds'^ = gf.^dx'^dx'' = -exp[2A{r)]dt'^ +exp[2B{r)]dr'^ +r'^dn 
in this paper. To be more specifically, one can show that 

noo poo 

3 / drr exp [A - B] sin 00'^ -I- / drr^ exp[A + B] sin 0[cos — cos 0o] [V' cos — 2V] = 0. (9) 

Note that both integrands are positive (negative) provided that sin0 > (< 0). Hence, both integrands have to be 
vanishing throughout all space exterior to the event horizon r = rn where exp[A — B]\ru = 0. Therefore, one 
shows that the no-hair theorem holds for all scaling potentials provided that sin is bounded from approaching zero. 
Note that one can show that the symmetry breaking potential V4 = (cos0 — cos0o)^ and cos^ 01n[cos2 0/ cos^ 0o] — 
(cos^ — cos^ 00 ) are all scaling potentials. In these models one can easily constrain the scalar field from touching 
zeros of sin 0. One also notes that in the limit ~ and 0o ~ 0, the potential V4 = (cos — cos 0o)2 reduces to the 
standard symmetry breaking potential (0^ — 0q)2/4. Hence the symmetry breaking potential V4 introduced here is 
nothing more than a simple generalization of the standard 0"* SSB potential. 
On the other hand, one has 

F2cos0o-F(0o)/6 (10) 
sin 00 [2i/2] + cos 00 3iJo0o/2 = (11) 

in the FRW space under slow rollover approximation such that Hq ^ |0o| and i?o|0o| ^ |0o|- Here the FRW metric 
is given by ds"^ = —dt"^ + a^{t)[dr^ /{I — k/r^) + r^dfl] with H = d/a the Hubble parameter. In addition, H = Ho 
denotes a de Sitter space. Assuming that sin0o ~ 0, one can show that Hq ~ l/(0o)/6 and ^ — V^/Oi/o- This is 
similar to the ordinary gravity system studied in the literature. 

In summary, one has shown that a class of complex metric field induces a phase field that behaves very much the 
way conventional scalar field. The generalization of this work to a more general form is still under investigation. 
The model studied here is a generalization of the Weyl's conformal theory. The associated gauge field for the phase 
symmetry is, however, a tachyon. Therefore, the gauge symmetry corresponding to the phase generalization of the 
real metric field may not be gauged unless tachyon is in need. We extract, however, the effective real action from the 
bosonic sector and study its implication to the no-hair theorem and inflationary universe. It is shown that, as long 
as the scalar field one introduced is bounded to a single cycle of the corresponding cosine functional, this effective 
theory behaves similar to a conventional induced gravity model. Further applications to other fields of interest will 
be presented in a sequel to this paper. 
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